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Day – 1 

Complex Numbers 

A complex numbers may be defined as an ordered pair of real numbers and may be denoted by the 

symbol (x, y). If we write z = (x, y), then x is called the real part and y the imaginary part of the 

complex number z and may be denoted by Re(z) and Im(z) respectively. 

It is clear from the definition that two complex numbers (x, y) and (x’, y’) are equal if and only if 

x = x’ and y = y’. We shall denote the set of all complex numbers by the letter C. 

 

Sum of two complex numbers 

 The sum of two complex numbers (x, y) and (x’, y’) is defined by the equality 

   (x, y) + (x’, y’) = (x + x’, y + y’) 

 

Product of two complex numbers 

 The product is defined by the equality 

   (x, y) (x’, y’) = (xx’ – yy’, xy’ + yx’) 

The symbol i(iota): 

 i is the square root of the real number – 1. 

 It is customary to denote the complex number (0, 1) by the symbol i. 

With this notation 

   i
2
 = (0, 1) (0, 1) 

       = (0.0 – 1.1, 0.1 + 1.0) = (– 1, 0) 

 So that i may be regarded as the square root of the real number – 1. 

 Using the symbol I, we may writ the complex number (x, y) as x + iy. For, we have 

   x + iy = (x, 0) + (0, 1) (y, 0) 

             = (x, 0) + (0. Y – 1.0, 0.0 + 1.y) 

             = (x, 0) + (0, y) = (x + 0, 0 + y) = (x, y). 

 

Remark:- 

  

  

 Again since 
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Hence  means the product of  Thus a pure imaginary numbers can be expressed 

as the product of  and a real numbers. Students must note carefully the results (i) and (ii). 

Keeping these results in view following computation is correct. 

  

       

But the computation 

  

 

Difference of two complex numbers 

 The difference of two complex numbers z = (x, y) and z’ = (x’, y’) is defined by the equality 

  z – z’ = z + (– z’) = (x, y) + (– x’,– y’) 

             

 

Division of two complex numbers 

 It is defined by the equality 

   

   

  

   

   

   

  

 

Modulus and argument of a complex number 

 Let z = x + iy be any complex number. 

 is called the modulus of the complex numbers z 

written as  is called the argument or amplitude of z written as arg. z. 

It follows that |z| = 0 if and only if x = 0 and y = 0. 

Geometrically, |z| is the distance of the point z from the origin. 

It can be easily proved that 

  

  

Also argument of a complex number is not unique, since if θ be a value of the argument, so also is 

  

The value of argument which satisfies the inequality 
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is called the principal value of the argument. We remark that the argument of 0 is not defined. 

 

Remark:- 

It is evident from the definition of difference and modulus that |z1 – z2| is the distance between the 

points z1 and z2. It follows that for fixed complex number z0 and real number r, the equation |z – 

z0| = r represents a circle with centre z0 and radius r. 

 

Polar form of a Complex Number 

If r is the modulus and θ the argument of a complex numbers z, then   is the 

polar form or trigonometrical form of z. 

              This is known as the exponential form of z. 

  

  

 A complex numbers whose modulus is unity, i.e. 

 r = can be written as z = e
iθ
. 

The geometrical representation of complex numbers 

We represent the complex numbers z = x + iy by a point P whose Cartesian co-ordinates are (x, y) 

referred to rectangular axes OX and OY, usually called real and imaginary axes respectively. 

Clearly the polar co-ordinates of P are (r, θ) where r is the modulus and θ the argument of complex 

number z. The plane whose points are represented by complex numbers is called Argand plane or 

Argand diagram. It is also called Complex plane or Gaussian plane. 

 

 

 

 

 

 

 

 

 

Note:- 

 The complex number z is known as the affix of the point (x, y) which represents it. 

 

Vector representation of complex numbers 

If P is the point (x, y) on the argand plane corresponding to the complex number z = x + iy 

referred to OX and OY as co-ordinate axes, the modulus and argument of z are represented by the 

magnitude and direction of the vector  respectively  and vice-versa. 

 

 The points on the argand plane representing the sum, and difference of two complex numbers. 
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Sum:- Let the complex numbers z1 and z2 be represented by the points P and Q on the argand 

plane. 

 

 

 

 

 

 

 

 

Complete the parallelogram OPRQ. Then the mid-points of PQ and OR 

Are the same. But mid-point of PQ is 

 

 

 

 

 

 

 

 

 

 

    

 

So that the co-ordinates of R are (x1 + x2, y1 + y2). Thus the point R  

corresponds to the sum of the complex numbers z1 and z2. 

In vector notation we have 

   

 

Difference:- We first represent –z2 by Q’ so that QQ’ is bisected at O. Complete the parallelogram 

OPRQ’’. Then the point R represents the complex number z1 – z2 since the mid-point of PQ’ and 

OR are the same. As OQ is equal and parallel to RP, we see that ORPQ is a parallelogram, so that 

 

Thus we have in vectorial notation 

 

     

     

 

It follows that the complex numbers z1 – z2 is represented by  vector  where the points 

P and Q represent the complex  numbers z1 and z2 respectively. 
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Conjugate to complex numbers 

If z = x + iy, then the complex numbers x – iy is called the conjugate of the complex number z and 

is written as  It is easily seen that numbers conjugate to z1 + z2  and z1 z2 are  

respectively. 

 Also we have, 

   

   

It is clear that  Geometrically, the conjugate of z is the reflection (or image) of 

z in the real axis. If  are polar co-ordinates of P, then the polar co-ordinates of its reflection 

P’ are  so that we have  

Conjugate of :- 

 Conjugate of   

as shown below 

  

   

Its conjugate is  

   

Note:- 

  

 

Illustration 

  

 

Illustration 

 find the value of x
4
 + 9x

3
 + 35x

2
 – x + 4. 

  

 (x
2
 + 5x)

2
 + x(x + 5) = 42 
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Day – 1  

Roots of the equation 

  ax
2
 + bx + c = 0.  

Multiplying both sides by 4a, we get  

    

Add b
2
 to both sides  

    

    

Take square root  

    

   

 

Sum and Product of the roots 

 If α and β be the roots, then  

       

 Sum of the roots   

  

 Product of roots  

         

   

 

To find the equation whose roots are α and β 

 The required equation will be  

  (x – α) (x – β) = 0  

   

   

 Where S is sum and P is product of roots. If the roots be 3, - 7  

 Then S = Sum = 3 – 7 = - 4,  

  P = Product = - 21  

 ∴  Equation is x
2
 – Sx + P = 0  

 or  x
2
 – (- 4)x + (- 21) = 0  

Theory of Quadratic 

Equations 

Chapter                          

2 
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 or  x
2
 + 4x – 21 = 0.  

Nature of the roots 

 The roots of the equation ax
2
 + bx + c = 0 are   

 The expression b
2
 – 4ac is called discriminant.  

(a):- If b
2
 – 4ac ≥ 0, roots are real.  

  (i):- If b
2
 – 4ac > 0, then the roots are real and unequal.  

  (ii):- If b
2
 – 4ac = 0, then the roots of the equation are real and equal.  

  In this case, each root   

(iii):-  Also if b
2
 – 4ac be a perfect square then the roots are rational and in case it be not 

a perfect square then the roots are irrational.  

 

 (b):- If b
2
 – 4ac < 0 i.e. – ive, then  is imaginary.  

Therefore the roots are imaginary and unequal. Imaginary or irrational roots of the 

equation ax
2
 + bx + c = 0 where a, b, c are all real numbers, will occur in conjugate pairs i.e., if 2 

+ 3i is a root then 2 – 3i will also be a root. But if however the coefficients a, b, c are not all real 

or any of these is non-real or irrational, then it is not necessary that the roots will occur in 

conjugate pairs.  

Particular Case. If a + b + c = 0, then x = 1 is a root of the equation ax
2
 + bx + c = 0 and if 

a – b + c = 0, then x = - 1 is a root of above.  

Identity. In case any quadratic equation ax
2
 + bx + c = 0 has more than two roots then it will be an 

identity which implies that all the coefficients a, b, c are zero. In this case, the equation is satisfied 

by all the values of x.  

 

(a) Symmetric functions of the roots 

If α and β are the roots of ax
2
 + bx + c = 0, then  
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(b) Transformation of Equations  

 Let α, β be the roots of the equation  

  ax
2
 + bx + c = 0.                             … (1)  

 To find the equation whose roots are  

 

(i) Negative of the roots of (1)  

 The required roots are - α, - β.  

 This is effected by putting y = - α = - x.  

 or  x = - y in (1)  

   

 or  ax
2
 – bx + c = 0                             … (2)  

 

(ii) Reciprocal of the roots of (1)  

 The required roots are   

 This is effected by putting   

   

    

 or  cy
2
 +by + a = 0                            … (3)  

 

(iii) Square of the roots of (1)  

 The required roots are   

 This is effected by putting   

   

    

    

   

 

(iv) Cube of the roots of (1)  

 The required roots are α
3
, β

3
.  

 This is effected by putting y = α
3
 = x

3
  

 or  x = y
1/3

 in (1)  
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(v) Increased by i.e., α + h, β + h 

 This is effected by putting y = α + h = x + h or by putting x = y – h in the given equation (1)  

   

    

 

Sign of the expression  

 Lets take this example  

  (x + 3) (x + 1) x (x - 2) (x - 3) …  

Put the given expression equal to zero and find the values of x and write them in ascending order 

of magnitude i.e. – 3, - 1, 0, 2 and 3. Now on the real line as shown below:  

   

 

 

Rule:- Start with extetrme right with + ive sign and move towards left and write opposite signs 

alternately.  

   x > 3, + ive; 2 < x < 3, - ive; 0 < x < 2, + ive;  

   - 1 < x < 0, - ive; - 3 < x < - 1, + ive; x < - 3, - ive  

 

Modulus Function  

|x| = x if x is + ive and |x| = - x if x is – ive  

 ∴  |x - a| = x – a if x – a ≥ 0 or x ≥ a  

            = - (x - a) if x – a < 0 or x < a  

 

Greatest Integer function 

  [x] = n if n ≤ x < n + 1  

 

Common roots  

 If α is a common roots of the quadratics  

    

    

 Then α will satisfy both and by the method of cross multiplication,  

             

                 I       II            III  

 The common root is given by  

    

 The required condition is given by  

  (II)
2
 = (I) (III)  

   

  

 Both the roots be common 
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  In this case both sum and product will be same  

   

   

  

Inequalities  

 (a):-   

         or  [x – (-a)] (x - a) + ive  

         If   x < - a     or     x > a  

 (b):- x
2
 < a

2
  if  – a < x < a  

 (c):-  a
2
 < x

2
 < b

2
  

 ∴       a < x < b       or       - b < x < - a  

  

Certain important definitions  

1. Identity:- A quardratic equation ax
2
 + bx + c = 0 is satisfied by only two values of x. However 

if it is satisfied by more than two values of x, then it is called an identity and in this case it is 

satisfied by every value of x in the domain of x. Also in this case a = 0, b = 0, c = 0. Consider the 

equation  

  (x - 2)
2
 – (x

2
 – 4x + 4) = 0.  

 It is satisfied by all values of x and it reduces to the form 0x
2
 + 0x + 0 = 0 i.e. a = 0, b = 0, c = 0.  

 

2. If f (a) and f (b) are of opposite signs then at least one or in general odd number of roots of the 

equation f (x) = 0 lie between a and b.  

   

 

 

 

 

 

 

 

 

 

 

 

As is clear from the figure, in either case there is a point P or Q at x = c where tangent is parallel 

to x-axis   

 

4. If f (a) and f (b) are of the same sign then either no root or an even number of roots will exist 

which either lie between a and b or lie outside a and b. Both at P and Q, y = f (x) = 0 they lie 

between a and b. But at R and S, y = f (x) = 0 and they lie outside a and b as shown :  
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Day – 1 

Definitions of Permutation 

Each of the different arrangements which can be made by taking some or all of a number of things 

is called a permutations. 

 

Definitions of Combination 

Each of the different groups or selections which can be made by taking some or all of a number of 

things (irrespective or order) is called a combination. 

 

Fundamental Theorem 

If there are m ways of doing a thing and for each of the m ways there are associated n ways of 

doing a second thing then the total number of ways of doing the two things will be mn. 

As and example suppose six subjects are to be taught in four periods. For the first period 

we can put any of the six subjects i.e., there are 6 ways of filling the first period. For the second 

period we are left with remaining subjects and hence there are 5 ways of filling the second period. 

Hence the number of ways in which first two periods can be filled up is  ways. 

 

Illustration 

Suppose there are 3 doors in a room, 2 on one side and 1 on other side. A man want to go out from 

the room. 

Solution  

 Obviously he has ‘3’ options for it. He can 

 come out by door ‘A’ or door ‘B’ or door ’C’. 

 

Illustration 

Suppose a man wants to cross-out a room, which has 2 doors on one side and 1 door on other site. 

Solution 

 He has  2 x 1  = 2 ways for it. 

 

 

 

 

 

 

Permutations and 

Combinations 

Chapter                          
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Important Results 

(a):- Number of permutations of n dissimilar things taken r at a time. 

        

The last factor is [n – (r – 1)] = n – r + 1. 

Where          n! = 1.2.3……n. 

Note that      n! = n.(n – 1)! 

                                   = n(n – 1).(n – 2)!etc. 

Note:- In the above repetition was not allowed so that if we could fill the first place in n ways then second 

could be filled in (n – 1), third in (n – 2)….are rth in (n – r + 1) ways. Hence the total by fundamental 

theorem was 

   n(n – 1)(n – 2)….(n – r + 1) ways 

 

Now if repetition is allowed. 

In this case each of the r places can be filled in n ways. Hence by fundamental theorem all the r 

places can be filled in n.n.n.n….r times = n
r
 ways. 

 

(b):- Number of permutations of n dissimilar things taken all at a time. 

   

          = n(n – 1)(n – 2)…….3.2.1. = n! 

(c):- Number of combinations of n dissimilar things taken r at a time. 

   

 

(d):- Number of combinations of n dissimilar things taken all at a time. 

   

 

(e):- If out of n things p are exactly alike of one kind, q exactly alike of second kind and r exactly alike of 

third kind and rest all different, then the number of permutations of n things taken all at a true. 

           

 

(f):- Number of circular permutations of n different things taken all at a time. 

Here having fixed one thing the remaining (n – 1) things can be arranged round the table in (n – 1)! Ways. 

 

Note:- If however n persons are to be arranged in a row then as show in (b) the number of arrangements           

was nth whereas for a circular table as shown above the number of arrangements is (n – 1)!. 

 

Particular Case: Necklace:- Number or arrangements of n beads all different to form a necklace or on a 

circular wire will be ½(n – 1)! As explained in the figure below: 
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R = Ram. G = Ganesh. B = Brahma 

R = Red. G = Green. B = Blue 

 

The above seating arrangements of these person on the round table are different as shown in upper figure 

and that is why we say (n – 1)! Clockwise and anticlockwise make different arrangements. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The above two arrangements of three flowers to form a necklace is the same because on the necklace we 

get the same arrangements and that is why we say the total number of arrangements of n beads for forming 

a necklace is 1/2(n – 1)!. Here clockwise or anticlockwise does not change the character of the necklace. It 

remains the same. 

 

(g):- If some or all of n things be taken at a time then the number of combinations will be 

  2
n
 – 1. ∵ 

n
C1 + 

n
C2 + ………+

n
Cr = 2

n
 – 1.  

(h):- nCr = 
n
Cn–r 

(i):- n
Cr1 = 

n
Cr2 ⇒  r1 = r2  or  r1 + r2 = n. 

(j):- nCr + 
n
Cr–1 = 

n+1
Cr.  

 

(k):- Number of combinations of n dissimilar things taken r at a time when p particular things always 

occure. 

   = 
n–p

Cr–p  

 

(l):- Number of combinations of n dissimilar things taken r at a time when p particular things never occur. 

   = 
n–p

Cr 
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(m):- Number of permutations of n dissimilar things taken r at a time when p particular things always 

occure. 

   = 
n–p

Cr–p.r! 

 

(n):- Number of permutations of n dissimilar things taken r at a time when p particular things never occure. 

   = 
n–p

Cr r!. 

 

(o):- Division into groups 

(i):- The number of ways in which m + n things can be divided into two groups containing m and 

n things respectively   

(ii):- If n = m, the groups are equal and in this case the number of different ways of subdivision 

 For in any one way it is possible to interchange the two groups without obtaining new 

division. 

(iii):- But if 2m things are to be divided equally between two person then the number of divisions 

 

(iv):- Similarly the number of divisions of m + n + p things into groups of m, n and p things 

respectively  

(v):- If 3m things are divided into three equal groups, then the number of divisions  

(vi):- But if 3m things are to be divided amongs three persons, then the number of divisions 

 

 

(p):- Number of permutations of n dissimilar things taken r at a time when each things an be repeated once,                   

         twice,….upto r times = n
r
. 

Note:-  from above we conclude the following: While distributing certain m things equally amongst four 

persons, the things which has gone to one person shall not go to the other and hence in this case we shall 

not divide by 4!. But if however we from four equal groups then we shall divide by4!. 

For example:- 

If 20 different things are to be equally distributed amongst 4 persons the answer will be  but if 

20 things are to form 4 equal groups then the answer will be  This 4! Corresponds to the 

number of these four groups. 

 

Illustration 

   

Solution 
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       n – 10 = 15 or n = 25  

 .  

 Hence from (1), we get 10+15 = 25 = n  

   

        

 

Illustration  

   

Solution  

     

   

  

  

              

              Hence clearly n = 11 

 

Illustration   

(i) How many words can be formed by taking 4 letters at a time out of the letters of the word 

MATHEMATICS?  

Solution  

 We can choose 4 letters from the 11 listed in part (a) as under. 

 (i):- All the four different:-  

  We have 8 different types of letters and out of theses 4 can be arranged in  

     

  or  4 can be selected in  

    

              

 (ii):- Two different and two alike:-  

We have 3 pairs of like letters out of which one pair can be chosen in  ways. 

Now we have to choose two out of the remaining 7 different types of letters which can be 

done in  

           

Hence the total number of groups, of 4 letters in which 2 are different and 2 are alike is 3 

× 21 = 63 groups.  

  Let one such group be M,H,M,I.  
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Day – 1 

Some Definitions  

Sample Space 

The set S of all possible outcomes of an experiment (or observation) is called a sample space 

provided no two or more of these outcomes occur simultaneously and exactly one of the outcomes 

must occur whenever the experiment is performed. It should be noted that with one experiment we 

may succeed in associating more than one sample space. To determine a sample space, we must 

know precisely the aim of the experiment. 

For example, consider the experiment of tossing two coins. If we are interested in whether each 

coin falls heads(H) or tails (T), then the possible outcomes are  

 

   (H,H), (H,T), (T,H), (T,T)       …(1) 

 

 On the other hand, we may be interested in whether the coins fall alike (A) or different (D). 

 Then the possible outcomes are (A), (D). 

 

Event 

 An event is a subset of a sample space. For example, for the sample space given by (1), the subset 

   A = {(H, H), (H, T), (T, H)} 

Is the event that at least one head occurs. An event consisting of a single point is called a simple 

event. 

 

Mutually Exclusive Events 

If two or more events have an no point in common (i.e., if they cannot occur simultaneously), the 

event are said to be mutually exclusive.  

 Thus the events A and B are mutually exclusive if A ∩ B = ∅ 

  

Equally Likely Events 

Two events are said to be equally likely if one of them cannot be expected to occur in preference 

to the other. 

 

Exhaustive Events 

A set of events is said to be totally exhaustive (or simply exhaustive) if no event out side the set 

occurs and at least one of these events must happen as a result of an experiment. 

Probability 
Chapter                          

4 
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Classical Definition of Probability  

If there are n exhaustive, mutually exclusive and equally likely outcomes of an experiment and m 

of them  are favorable to an event A, then the mathematical probability of A is defined as the ratio 

m /n.  

 

Odds in favour and odds against an event 

If a of the outcomes are favourable to an event A and b of the outcomes are against it as a result of 

an experiment. They we say that odds are a to b in favour of A, or odds are b to a against A. 

 

Axiomatic approach to probability Theory 

We shall be mainly concerned with discrete sample spaces, that is, with those spaces which 

contain only a finite number of sample points or an infinite number of points which can be 

arranged as a sequence a1, a2,  a3,….. 

 

Axioms of Probability 

 Let the sample space S be the set 

   S = { a1, a2, a3,…..}= A1 ⋃ A2 ⋃ A3 ⋃…. 

 Where Ai = {ai} are the simple events in S. 

 Then to each event A in S, we assign a non-negative real number P (A), called the probability of A 

 satisfying the following axioms:    

 P1: P (A) ≥0 for every events A, 

 P2: P (S) = 1 for the certain event S, 

P3: Probabilities P (A) of any event A is the sum of the probabilities of the simple events whose 

union is A  

 

Remark:- 1  

(i):- If the sample space S is the union of the distinct simple events A1, A2, A3,….., then it follows 

from axioms P2 and P3 that 

  P (S) = P (A1) + P (A2) + P (A3) +….., =1       …(1) 

 

(ii):- From axiom P3, we easily conclude that if A and B are mutually exclusives events, so that A 

∩ B = ∅  

Then  

  P (A⋃B ) = P (A) + P (B).      … (2) 

 In general, if A1, A2, A3 , …… are mutually exclusive events, then  

  P(A1 ⋃ A2 ⋃ A3 ⋃…..) = P (A1) + P (A2) + P (A3) + …..  ….(3)  

 We now state theorems without proof. 

  

Theorem:- 1 

  Probability of an impossible event is zero.  
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 i.e.,   

 

Theorem:- 2  

                                                      

Where  denoted the event complementary to event , that is,  contains the simple points of S not 

in B. 

 

Theorem:- 3 

             

 

Theorem:- 4  

(Addition theorem): Probability of A or B . 

             

Theorem:- 5 

 (i):-  

        

 (ii):-  

                     

        

        

        

        

Remark:- 2 

 Since probability of an event is a non – negative numbers, it follows from theorem 4 that  

    

 The inequality (4) holds in general. Thus for arbitrary events A1, A2, A3,….., we have 

    

 The inequality (5) is known as Boole’s inequality. 

 

Conditional Probability 

A word of explanation is necessary to understand conditional probability. Suppose a pair of dice is 

thrown. Here the sample space S consists of 36 points  (1,1), (1,2),……(1,6); (2,2), …(2,6);…; 

(6,1)(6,2),(6,6). Suppose that we now ask the question, “If a of dice shows as an even sum, what is 

the probabilities that this sum is less then 6?” Here we are restricting the sample space to a subset 

of points corresponding to even sum only (18 such points) and asking, “ which of these possible 

points (outcomes) represents a sum less than 6?” There are 4 such points viz., (1,1), (1,3), (3,1), 

(2,2). Since all these outcomes are equally likely, the required probability  

 Observe that here we have imposed the condition that the sum, x + y, is even (event A), 

and then asked the probability for x + y to be less than 6 (event B). We denote this conditional 

probability by the symbol P (B/A), Which is read “ the probability of the event B under the 
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condition that the event A has already happened. A little consideration will show that the 2/9 was 

obtained when we divided the number n (A ∩ B) of points in the subset 

   A ∩ B = {(x, y): x + y is even and < 6}  

 By the number, n (A), of points in the subset    

   A = {(x, y ): x + y is even}, so that 

    

 Where n (S) is the number of points in the entire sample space. Note that here it is assumed that  

   P(A) ≠ 0 

Although the equation (1) has been obtained for the special case where all points of S have the 

same probability 1/36, it will be found to hold in those cases as well where the equality of 

probability does not hold.   

Thus equation (1) constitutes our formal definition of conditional probability of B on the 

hypothesis A (or for given A). 

 

Multiplication Theorem 

P(A ∩ B) = P (A) P (B/A), i.e., the probability of the simultaneous occurrence of the evens A and 

B equals the probability of A multiplied by the conditional probability of B that A has already 

occurred. 

Independent events 

Of the happening of the event B is not influenced or conditioned by a second event A (P(A) ≠ 0) 

so that 

     

 The B is said to be independent of A. 

 

Theorem:- 1 

If P(A) ≠ 0 and P(B) = 0 and B is independent of A, then A is independent of B. In this case, we 

say that A and B are mutually independent. 

 

Theorem:- 2  

Two events A and B are mutually independent if and only if  

    

 Provided  P(A) ≠ 0 and P (B) ≠ 0. 

The generalization of this theorem is as follows: The events A1, A2, ….An are mutually 

independent (or simply independent) if and only if the multiplication rule 

    

           

 Holds for every k – tuples of events; k = 2, 3, …, n. 
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If (3) holds for k = 2 and may or may not hold for k = 3, 4, …,n, then events A1, A2,…, An are said 

to be pair wise independent. Thus mutually independent events are pair wise independent but not 

conversely. 

 

Theorem:- 3 

 If the event A and B are mutually independent then the events A and are mutually independent.   

  

Theorem:- 4 

If A and B are mutually independent event such that P (A) ≠ 0 and P (B) ≠ 0, then the events A 

and B have at least one common simple point.   

 

Important Remarks  

(a):- Let E1 and E2 be two independent events with respective probabilities p1 and p2, then the 

probability p of the event E1 to occur and that of E2, not to occur is given by p = p1 (1 – p2). 

  

(b):- If there are n mutually independent events E1, E2, E3, ….En with respective probabilities p1, 

p2, …, pn, then the probability of m events E1, E2, …Em  to occur and that of the remaining (n – m ) 

events Em + 1. 

 

 (c):- The probability that none of the n events occur is given by (1 – p1) (1 – p2) … (1 – pn ).  

 

(d):- The probability that at least one of the n events will occur is given by 1 – (1 – p1)  

(1 – p2)…..(1 – pn ). 

 

Partition of a sample Space 

Let A1, A2, …, An be subsets of a sample space S. Then these subsets are said to form a partition 

of S if the following conditions hold: 

 (i):- Each Ai is a proper subset of S, that is  

    

 (ii):-  

 (iii):- The subsets Ai are pair wise disjoint, that is,  

 

Theorem of Total Probability for Compound Events 

Theorem:- 1  

Let {A1, A2, …, An} be any partition of a sample space S and let A be an event. Then  

      

 Provided P(Ai)  ≠ 0,  i = 1, 2, …, n. 

 

Theorem:- 2 (Baye’s Rule) 
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Day – 1 

Arithmetical Progression  

(a):- Definition  

If certain quantities increase or decrease by the same constant, then quantities from a series which 

is called an arithmetical progression. This constant is called common difference. For example:-  

 (i):- 1, 4, 7, 10,…  

 (ii):- 9, 6, 3, 0, - 3,…  

 (iii):- a, a + d, a + 2d,…  

 

 The common difference in the above three series are 3, - 3 and d respectively.  

 

(b):- Notation 

The first term of the series is denoted by a, common difference by d, the last term by l, the number 

of terms by n, sum of its n terms by Sn, and the nth term by Tn. 

 Standard Results : Tn = a + (n – 1) d = l.  

    

 

(c):- (i) Arithmetic Mean (A. M.)  

  The arithmetic mean between two given quantities a and b is x so that  

  a, x, b are in A.P. i.e., x – a = b – x  

    

  Similarly A.M. of n numbers a1, a2, …, an is   

 

          (ii) n arithmetic means between two quantities a and b 

If between two given quantities a and b we have to insert n arithmetic means x1, x2, … xn, 

then a, x1, x2, … xn, b will be in A.P. In order to find the values of these means we require 

the common difference. The above series consists of (n + 2) terms and the last term is b 

and first term is a.  

    

    

    

                 

                   

Progressions 
Chapter                          

5 
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  On putting for d, we get  

                  

 Interchanging a and b, we get  

                  

If we interchanging a and b in x1 we get xn because x1 is first of n means from beginning and xn is 

first of n means from the end.  

 Sum of n arithmetic means = n [single A. M.]  

   

      

    = n (A.M. of a and b)  

 

(d):- An important note 

(1):- If each of a given arithmetical progression be increased, decreased, multiplied or divided by 

the same non-zero quantity, then the resulting series thus obtained will also be in A.P.  

 Further a1, a3, a5, a7, … or a2, a4, a6, … will also form an A.P. of common difference 2d.  

 Also am, am + n, am + 2n, am + 3n, … will also form an A.P. of common difference nd.  

 

(2):- Any three numbers in A.P. be taken as a – d, a, a + d. Any four numbers in A.P. be taken as a 

– 3d, a – d, a + d, a + 3d.  

Similarly five terms in A.P. should be taken as a – 2d, a – d, a, a + d, a + 2d and six terms as a – 

5d, a – 3d, a – d, a + d, a + 3d, a + 5d etc.  

 

(e):- Two important Properties of A.P  

(1):- In an A.P. the sum of terms equidistant from the beginning and end is constant and equal to 

the sum of first and last terms  

(2):- Any term of an A.P. (except the first) is equal to half the sum of terms which are equidistant 

from it :  

    

    

 

Illustration  

The fifth term of an A.P. is 1 whereas its 31st term is – 77. Find its 20th term and sum of its first 

fifteen terms. Also find which term of the series will be – 17 and sum of how many terms will be 

20.  

Solution  

 T5 = a + 4d = 1, T31 = a + 30d = - 77,  

 Solving the above two, we get  

    a = 13 and d = - 3.                                    … (1)  

              S15 = (n / 2) [2a + (n – 1) d]  
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      = (15 / 2) [26 + 14 (-3)] = - 120.  

 Let Tn = - 17. Then a + (n – 1) d = - 17.  

  13 + (n - 1) (- 3) = 17  

 ∴             3n = 33  or   n = 11.  

 Let Sn = 20. Then (n / 2)[2a + (n – 1)d] = 20.  

   n [2 × 13 + (n – 1) ( - 3)] = 40, by (1).  

   3n
2
 – 29n + 40 = 0  

 ∴            (n – 8) (3n – 5) = 0,  ∴  n = 8.  

 The value of n cannot be fractional.  

 

Illustration  

 The nth term of a series is given to be , find the sum of 105 terms of this series.  

Solution  

 Putting n = 1, 2, 3, … in Tn = (3 + n) / 4  

 We get the series as  

    

   

         = (105 / 2) × 28 = 1470.  

Illustration  

Find the sum of first 24 terms of the A.P. a1, a2, a3, … If it is known that a1 + a5 + a10 + a15 + a20 + 

a24 = 225.  

Solution  

      a5 + a20 = a1 + a24, a10 + a15 = a1 + a24.  

 Hence the given relations reduce to  

  3 (a1 + a24) = 225, giving a1 + a24 = 75,  

 Hence S24 = (24 / 2) (a1 + a24) = 12 × 75 = 900.  

 

Illustration  

 If x
18

 = y
21

 = z
28

, prove that 3, 3 logy x, 3 logz y, 7 logx z from an A.P.  

Solution  

 Let x
18

 = y
21

 = z
28

 = k, say then on taking log we get  

   18 log x = 21 log y = 28 log z = log k                         … (1)  

 If the given terms are a,b,c,d then   

    

       

 Similarly, c = 3.  = 4 and d = 7.   

 Hence the four numbers are  which are clearly in A.P. of common difference   
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Geometrical Progression 

Definition 

A series in which each term is same multiple of the preceding term is called a geometrical 

progression. In other words, a series in which the ratio of successive terms is constant is called a 

G.P. This constant ratio is called common ratio and is denoted by r.  e.g.  

 (i):- 1, 4, 16, …     

(ii):- 9, 6, 4, …  

 (iii):- a, ar, ar
2
, …  

All the above series are geometrical progressions in which common ratio are  and r 

respectively.  

 

nth term of a G.P.  

 Let the series be a, ar, ar
2
, ar

3
, … 

  T1 = a = ar
1 – 1

, T2 = ar = ar
2 – 1

,  

  T3 = ar
2
 = ar

3 – 1
, …  

 ∴            Tn = ar
n – 1

.                                   …(1)  

 

Sum of n terms of a G.P.  

 Let  

S = a + ar + ar
2
 + … + ar

n – 1
  

   

 Subtracting, we get  

  S (1 - r) = a – ar
n
  

   

 Sum of an infinite number of terms of a G.P. when |r| < 1.  

 Since |r| < 1 and the number of terms is infinite,  

  and hence in this case  

              

   

 i.e. divide any term by the term which precedes it.  

   

 n geometric means between two quantities a and b 

Let x1, x2, … xn be n geometric means between a and b, then a, x1, x2, … xn, b will be a G.P. of (n 

+ 2) terms, whose last term is b and term is a.  

 

Single Geometric Mean Between a and b 

Let x be the single geometric mean between two given quantities a and b, then a, x, b are in G.P 
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 ∴          x1 = T2 = ar,  

              

 On putting the value of r, we shall find the n geometric means.  

 

Product of n geometric means = G
n
  

   

   

 Now product of n means = x1 x2 …..xn  

    

    

    

 Where G is single G.M. of a and b.  

 

An Important Note 

1:- (a) If each term of a geometric progression be multiplied or divided by the same non-zero 

quantity, then the resulting series is also a G.P.  

(b) In a G.P. the product of terms equidistant from the beginning and end is constant and equal 

to the product of the first and last terms.  

 

2:- Odd number of terms in G.P. must be taken as 

   

An even number of terms in a G.P. must be taken as 

   

In particular three terms as  and four terms as   

 

3:- If a1, a2, a3, … and b1, b2, b3, … be two G.P.’s of common ratio r1 and r2 respectively, then a1b1, 

a2b2, a3b3, … and  will also form G.P. whose common ratio will be r1r2 and  

respectively.  

 

4:- If a1, a2, a3, … be a G.P. of +ive terms then log a1, log a2, log a3, … will be an A.P. and 

conversely.  

 

5:- Increasing and decreasing G.P.  

Case I:- 

Let the first term a be positive. Then if r > 1, then it is an increasing G.P. but if 

r is positive and less than 1 i.e. 0 < r < 1 then it is a decreasing G.P.  
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Day – 1 

 

1. Statement of binomial theorem for positive integral index 

      

                             

If the binomial be x – a then the terms in the expansion of  will be alternaterly + ive 

and – ive.  

 

2. General term, Tr + 1 

           

       

The index of x is n – r and that of a is r i.e. sum of the indices of x and a in each term is 

same i.e., n . 

          

 

3. (a) Binomial coefficients of terms equidistant from the beginning and the are equal 

         Since    

           

    

      

      

      

      

      

           

 

4. Number of terms and middle term 

  The number of terms in the expansion of (x + a)
n
 is n + 1.  

     If n = 6 the number of terms will be 6 + 1 = 7 and the middle will only one i.e. 4
th
 

Binomial Theorem 
Chapter                          

6 
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If n = 7 the number of terms will be 7 + 1 = 8 and in this case there will be 2 middle 

terms i.e. 4th and 5th 

    

   Hence if n is even there will be only one middle term   

   If n is odd then there will be two middle terms  

     

 

5. Values of Binomial Coefficients 

   

   

   

    and in general.  

                

         

 

6. Term containing x
r
 will occur in Tr + 1 for (1 + x)

n
 and it will be   

  

     

                       

                       

   Greatest term in (1 + x)
n
, n > 0  

               

In case m is an integer, then Tm and Tm + 1 will be equal and both these will be numerically 

the greatest terms.  

In case m is not an integer, then evaluate [m]i.e. greatest integer, then T[m] + 1 will be the 

greatest term.  

 

8. (i) Term independent of x in the expansion of (x + a)
n
 

Let Tr+1 be the term independent of x. Equate to zero the index of z and you will find the 

value of r.  
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   (ii) Terms equidistant from the beginning and end of the binomial expansion  

     

from end of   is Tr+1 from beginning of  (binomial reversed) and is 

equal to . 

 

Illustration  

Find the term independent of x in the expansion of    

Solution  

 Let  be independent of x, i. e. index of x is zero.  

  

  

                       

             The index of x is 15 - 3r = 0 ∴ r = 5.  

             Hench the 6
th
 term is the required term . putting  

                    r = 5in (1), we get 

                  

                      

                      

                       

 

Illustration  

                 Find the coefficient of  in the expansion of   

Solution  

  

           

∴     40 - 3r = 10      or      9 

∴     3r = 30        or       31.  

∴      r = 10, the other value does not give integral value of r so that there will be no term 

of x
9
.  

 Putting r = 10, 
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             Hence the required coefficient is   

Illustration  

 Find the coefficient of  in  

  and find the relation between a and b so that these coefficients are equal.  

Solution   

  

               

              In case these Coefficient are equal, then  

    

  . 

 

Illustration  

  For what value of r the coefficients of (r - 1)
th
 and (2r + 3)

rd
 terms in the expansion of 

  (1 + x)
15

 are equal ? 

Solution 

            

                       

                  

                 

                  

                or     3r = 15      ∴    r = 5. 

 

Illustration 

If the coefficient of 4th and 13th terms in the expansion of  be equal then find 

the term which is independent of x . 

Solution 

            

   

we have to find the term independent of x .it will be 11th term 

             

  

Illustration 
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In the binomial expansion of  the sum of the 5th and 6th terms is zero . 

Then  a/b equals.    

                                                          

                                                                                                      

Solution 

           Ans.(b) 

                    

                

                            

                      

                     

 

Illustration 

               If x
p
 occurs in the expansion of  prove that its coefficient is 

   . 

Solution 

                

                Index of x is 4n- 2r- r = p 

            which should be an integer. 

           ∴ Coefficient is 

                           . 

                                 

Illustration  

   = 

                             

                           

 

Solution 
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Definition 

  Consider the equations  

    

   

    

  We shall express the above eliminant as  

      

 

We have suppressed the letter x and y to be eliminated and enclosed their coefficient as above in 

two parallel lines. The left hand member of (A) is called a determinant of second order and its 

value as we have seen is a1b2 – a2b1.  

  

Aid to memory   

    

 

 

 

Similarly a determinant of 3
rd

 order will consist of 3 rows and 3 columns enclosed in two verticals 

lines and is thus of the form 

    

 It can be seen that this determinant is the eliminant of x, y, z from the equations    

    

    

    

 The value of determinant (B) is  

    

  

  

Rule 

 a1(determinant obtained by removing the row and column intersecting at a1) 

Determinants 
Chapter                          

7 
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 – b1 (determinant obtained by removing the row and column intersecting at b1) 

 + c1 (determinant obtained by removing the row and column intersecting at c1) 

 Above is called expansion of the determinant w.r.t. first row.  

 

Expansion with respect to first column 

 

    

  

  

 

 If you compare (1) and (2) term by term you will observe that are same. 

 

Properties  

 1. The value of determinant is not altered by changing rows into columns and columns into rows.  

    

 

2. If any two adjacent rows or two adjacent columns of a determinant are interchanged the 

determinant retains its absolute value but change its sing    

    

 

 Here we have interchanged 1
st
 and 2

nd
 rows and hence changed the sign. 

  

3. If any line of a determinant Δ be passed over p parallel lines the resultant determinants is (-1)
P
 

Δ. 
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In the first we have crossed fourth row over three parallel rows and hence (–1)
3 

and in the second 

we have crossed 3
rd

 row over two parallel rows and hence (–1)
2
 and in the last we have crossed 2

nd
 

row over one parallel row and hence (– 1)
1
. Similarly is the rule for crossing any column over 

other columns. 

 

4. If any two rows or two columns of a determinant are identical then the determinant vanishes. 

Thus  

            

  

5. If each constituent in any row or in any column be multiplied by the same factor then the 

determinant is multiplied by that factor  

           

 We have taken p common from 1
st
 column. 

      

 We have taken q and r from the 2
nd

 and 3
rd

 rows respectively.  

 

6. If each constituent in any row or column consists of r terms then the determinant can be 

expressed as the sum of r determinants. Thus   

  

  

                       

 

7. If from each constituent of a row (or column) of a determinant are added or subtracted the equi 

– multiples of the corresponding constituent of any other row (or column) the determinant remains 

unaltered.  
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Now suppose we add to 1
st
 column, p times the corresponding elements of 2

nd
 column and subtract 

q times of the corresponding elements of 3
rd

 column then the value of the determinant remains 

unaltered  

 Thus  

    

    

 

Illustration  

 Evaluate the determinant without expansion as far as possible.   

   

Solution  

   

      

      

 Both the determinants are zero because of identical columns.  

Illustration  

 Evaluate the determinant without expansion as far as possible.    

    

 Where ω is an imaginary cube root of unity. 

Solution 

 We know that if ω is a cube root of unity then 1+ ω + ω
2 = 0 and ω3

= 1 and ω 4 = ω
3
. ω = ω etc.  

Hence applying C1 + C2 + C3 we see that each element of the first column because 1 + ω + ω
2
 i.e. 

zero  

  

 

Illustration  

 Evaluate the determinant without expansion as far as possible.  

   

Solution  

 Apply C3 + C2 etc., ∆ = 0 
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Illustration  

   

 

Solution 

 Multiply R1, R2, R3 by a,b,c respectively and hence divided by abc. 

  

        

 Apply C3 + C1 and take out ∑ ab and then C2 and C3 become identical.  

 ∴             ∆ = 0. 

 

Illustration  

  

 

Solution  

 Answer = 0  

   

 Hence each row becomes  

   

 

Illustration  

 If the pth , qth and rth terms of an H.P. be a, b, c respectively., then prove that  

   

Solution  

 Take abc common from R1. 

   

  

  

 Apply R1 – DR2 + DR3 
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Definition 

A set of mn numbers arranged in the form of an ordered set of m rows and n columns is called m× 

n matrix (to be read as m by n matrix) 

 Thus m × n matrix A is written as   

    

 Or  A = [aij]; i = 1,2,…m  and j = 1,2,…n 

 Or  A = [aij]m×n 

 Where aij represents the element at the intersection of ith row and jth column. 

 In case the order of a matrix is established or known then we shall simply write  

   

 

Various Types of Matrix  

(a) Square matrix:-  

A matrix in which the number of rows is equal to the number of columns is called a square Matrix. 

Thus m × n matrix A will be a square matrix if m = n ad it will be termed as a square matrix of 

order n or n – rowed square matrix.  

 

(b) Diagonal Elements:-  

In a square matrix all those element aij for which i = j i.e. all those elements which occur in the 

same row and same column namely a11, a22, a33 are called the diagonal elements and the line along 

which they lie is called the principle diagonal. Also the sum of the diagonal elements of a square 

matrix A is called trace of A. 

  

 In general a11 , a22 ….anm are the diagonal elements of n – rowed square matrix and  

    

 

(c) Diagonal Matrix:- 

 A square matrix A is said to be a diagonal matrix if all its non – diagonal elements be zero. 

   

Matrices 

Chapter                          

8 
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 Above are diagonal matrix of the type 3 × 3 These are in short written as  

  Diag[1,4,8]     or    Diag [d1, d2, d3] 

 

(d) Scalar Matrix:-  

A diagonal matrix whose all the diagonal elements are equal is called a scalar matrix. 

   

  Are both scalar matrixes of type33. 

  In general for a scalar matrix. 

   

 

(e)Unit Matrix:-  

A square matrix A all of whose non –diagonal elements are zero(i.e.it is a diagonal matrix ) 

 and also all the diagonal elements are unity is called a unit matrix or an identity matrix. 

   

 are unit matrix of order 3 and 4 respectively. 

 In general for a unit matrix. 

    

They are generally denoted by I3, I4 or In where 3,4,n denoted of the square matrix. In case the 

order be know then we may simply denote it by I.  

 

(f) Zero Matrix or Null Matrix:-  

Any m × n  matrix in which all the element are zero is called a zero matrix or null matrix of the 

type m × n and is denoted by O m × n. 

   

 All the above are zero or null matrices of the type 3× 3, 3×3 and 2×4 respectively. 

 

(g) Determinant of a square Matrix:- 

 if we have a square matrix having same number of rows and columns it will have n × n = n
2
 

arrays of numbers. These n
2
 numbers also determine a determinant having n rows and n columns 

and is denoted by Det A or |A|. 

 

(h) Equality of Matrices:-  

Two matrices are said to be equal and written as A = B if and only if 

they have the same order or are of the same type i.e., each has as many rows and columns as the 

order [In this case they are said to be comparable and also each element of one is equal to the 
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corresponding element of the order i.e., aij = bij for each pair of subscripts i and j where i = 1, 2 

,…m and j = 1,2,…n]   

 Hence we can say that two matrix are equal if and only if one is duplicate of the other. 

 

(i) Sum of Matrices:-  

Let A = [aij] and B [bij] be two matrices of the same type m  n. Then their sum (or difference) 

A+ B (or A - B) is defined as another matrix of the same type, say C= [cij] such that any element 

of C is the sum (or difference) of the corresponding elements of A and B. 

   

   

 Hence both A and B are 2 3 matrices.  

   

                  

   

                  

 

(j) Negative of a Matrix:-  

If A be a given Matrix then – A is called the negative of matrix A and all its element are the 

corresponding elements of A multiplied by – 1.  

 

   

   

 

(k) Scalar Multiple of a Matrix:-  

If A be a given matrix and k is any scalar number real or complex. [We call it scalar k to 

disintiguish it from matrix[k] which is 11 matrix] then by matrix kA = Ak is meant the matrix 

all of whose elements are k times of the corresponding elements of A. 
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Properties of Matrix Multiplication 

 (a) Multiplication of matrices is distributive with respect to addition of matrices.  

   

 

 (b) Matrix multiplication is associative if conformability is assured. 

   

 

 (c) The multiplication of matrices is not always commutative. i.e., AB is not always equal to BA. 

 

(d) Multiplication of a matrix A by a null matrix conformable with A for multiplication is a null 

matrix i.e., AO = O 

 

(e) If AB = O then it does not necessarily mean that A = O or B = O or both are O as shown 

below. 

   

 None of the matrix on the left is a null matrix whereas their product is a null matrix. 

 

(f) Multiplication of matrix A by a unit matrix I: Let A be a m n matrix and I be a square unit 

matrix of order n. so that A and I are conformable for multiplication, then  

                   

 Similarly for IA to exist I should be square unit matrix of order m and in that case Im A =A 

 

Illustration  

  

 

 

 

Solution  

 Adding and subtracting we get 2A and 2B. Hence A and B are as given. 

 

Illustration  

  

Solution  

 Eliminate Y and Find X. Put for X and find Y. 
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Illustration  

  then prove the following  

   

   

Solution  

 (a):- 

                

                     

                          

 Similarly,  

                        

             

                           

 In the light of above let us assume that 

   

  

               

               

Thus we observe that our assumption for (Aα)
n
 is true for n = n+1 and it was shown to be true for n 

= 2,3,.. and hence it is true universally. 

 

 (b):-  

   

             

  

 

Illustration  

  and I is a 22 unit matrix, then prove that  
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Introduction 

Corresponding to every outcome of a random experiment, we can associate a real number. This 

correspondence between the elements of the sample space associated to a random experiment and 

the set of real numbers id defined as a random variable. If a random variable assumes countable 

number of values, it is called a discrete random variable. Otherwise, it is known as continuous 

random variable. We shall study  these two types of random variables in the following sections. 

 

Discrete Random Variable 

Let S be the sample space associated with a given random experiment. Then, a real valued 

function X which assigns to each event w ∈ S to a unique real number X (w) is called a random 

variable. 

Thus, a random variable associated with a given random experiment associates every event to a 

unique real number as discussed below.  

Consider a random experiment of tossing three coins. The sample space of eight possible 

outcomes of this  experiment is given by 

 

   S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 

 

 Let X be a real valued function on S, defined by 

 X(w) = number of heads in w ∈ S. 

 Then, X is a random variable such that: 

   X(HHH) = 3, X(HHT) = 2, X(HTH) = 2, X(THH) = 2 

   X (HTT) = 1, X(THT) = 1, X(TTH) = 1, and X(TTT) = 0 

 

 Also, if w denotes the event “getting two heads”, then   

   w = {HTH, THH, HHT}  

 And         X(w) = S 

 

 Similarly, X associates every other compound event to a unique real number. 

 

For the random variable X, we have range (X) = {0, 1, 2, 3} and we say that X is a random 

variable such that it assumes values 0, 1, 2, 3. This random variable can also be described as the 

number of heads in a single throw of three coins. 

Mean and Variance  
Chapter                          
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Now, consider the random experiment of throwing an unbiased die. Let Y be a real valued 

function defined  on the sample space S = {1, 2, 3, 4, 5, 6} associated with the random 

experiment, defined by 

      

 

 Clearly, Y is a random variable such that: 

   Y(1) = – 1, Y(2) = 1, Y(3) = – 1, Y(4) = 1, Y(5) = – 1 and Y(6) = 1. 

 

Here, range (Y) = {– 1, 1}. Therefore, we say that Y is a random variable such that it assumes 

values – 1and 1.   

 

Illustration 

Consider a random experiment of tossing three coins. Let X be a real valued function defined on 

the sample space 

   S = {HHH, HHT, HTH, THH, HTT, TTH, THT, TTT}such that 

   X(w) = Number of tails in X(w) = S. 

 

 Then X, is a random variable such that 

 

   X(HHH) = 0,  X(HHT) = 1, X(HTH) = 1, X(THH) = 1, X(HTT) = 2, 

   X(THT) = 2, X(TTH) = 2, and X(TTT) = 3 

  

 Clearly, range of X is {0, 1, 2, 3} 

 

Illustration 

Consider a random experiment of throwing a six faced die. Let X denote the number on the upper 

face of  the die. Then,  

   X(1) = 1, X(2) = 2, X(3) = 3, X(4) = 4, X(5) = 5 and X(6) = 6 

 

Clearly, X is a random variable which assumes values 1, 2, , 4, 5, 6 i.e., range of X = {1, 2, 3, 4, 5, 

6}. 

 

Illustration 

Let there be a bag containing 5 white, 4 red and 3 green balls. Three balls are drawn. If X denotes 

the number of green balls in the draw. Then, X can assume values 0, 1, 2, 3. Clearly, X is a 

random variable  with its range = {0, 1, 2, 3}.  

 

Illustration 

A pair of dice is thrown. If X denotes the sum of the numbers on two dice, then X assumes values 

2, 3, 4,…,12. Clearly, X is a random variable with its range {2, 3, 4,…,12}. 
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Probability Distribution 

In the previous section, we have defined random variable. Now, consider a random experiment in 

which three coins are tossed simultaneously (or a coin is tossed three times). Le X be a random 

variable defined  on the sample space. 

 

   S = {HHH, THH, HHT, THT, TTH, HTT, HTT, TTT} such that 

   H(w) = number of heads in w ∈ S. 

 Clearly, X assumes value 0, 1, 2, 3. 

 Now,  P(X = 0) = Probability of getting no head  

  P(X = 1) = Probability of getting one head 

     

  P(X = 2) = Probability of getting two head 

     

  P(X = 3) = Probability of getting 3 heads 

     

 These values of X and the corresponding probabilities can be exhibited as under: 

 

   X: 0 1  2  3 

            

 

This tabular representation of the values of a random variable X and the corresponding 

probabilities is known of the probability distribution. 

 The formal definition of the probability distribution of a random variable is as given below. 

 

Probability Distribution 

 If a random variable X takes values x1, x2,……xn with respective probabilities p1, p2,…pn, then 

 

   X: x1 x2 x3 …. xn 

           P(X): p1 p2 p3 …. pn 

 

 Is known as the probability distribution of X. 

 Thus, a tabular description giving the values of the random variable along with the corresponding 

 probabilities is called its probability distribution. 

 

Remark – 1 

The probability distribution of a random variable X is defined only when we have the various 

values of the random variable e.g. x1, x2,…xn together with respective probabilities 
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Remark – 2 

 If X is a random variable with the probability distribution 

 

   X: x1 x2 x3 …. xn 

           P(X): p1 p2 p3 …. pn 

 Then, 

   

       

   

                     

   

                                                

 Also, 

   

   

   

   

  

 The graphical representation of a probability distribution is as follows: 

 

   

 

 

 

 

 

 

 

 

 

 

Illustration 

 Determine which of the following can be probability distribution of a random X: 

 (i):-   X:  0 1 2 

     P(X):  0.4 0.4 0.2 

 

 (ii):-  X:  0 1 2 

     P(X):  0.6 0.1 0.2 

 

 (iii):- X:  0 1 2 3 4 
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     P(X):  0.1 0.5 0.2     – 0.1 0.3 

Solution 

 We have, 

  (i):-  P(X = 0) + P(X = 1) + P(X = 2) = 0.4 + 0.4 + 0.2 = 1. 

 

 Hence, the given distribution of probabilities is a probability distribution of random variable X. 

 

  (ii):- P(X = 0) + P(X = 1) + P(X = 2) =0.6 + 0.1 + 0.2 = 0.9 ≠ 1. 

 

 Hence, the given distribution of probabilities is not a probability distribution. 

 

  (iii):- We have, 

   P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3) + P(X = 4) 

          = 0.1 + 0.5 + 0.2 – 0.1 + 0.3 = 1 

 But, P(X = 3) = 0.1 < 0. 

 So, the given distribution of probabilities is not a probability distribution. 

 

Illustration 

 An unbiased die is rolled. If the random variable X is defined as 

   

 

 Find the probability distribution of X. 

Solution 

 In a single throw of die either we get an even number or we get an odd number. Thus, the possible 

values  of the random variable X are 0 and 1. 

 Now, 

   

   

 

 Thus, the probability distribution of the random variable X is given by 

 

   X: 0 1 

            

 

Mean of a Discrete Random Variable 

If X is a discrete random variable which assumes values x1, x2, x3,…,xn with respective 

probabilities p1, p2, p3,…,pn, then the mean  of X is defined as 
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Day – 1 

Introduction 

The term ‘programming’ means planning and it refers to a particular plane of action from amongst 

several  alternatives for maximizing profit or minimizing cost etc. Programming problems deal 

with determining  optimal allocation of limited resources to meet the given objectives, such as 

least cost, maximum profit, highest margin or least time, when resources have alternative uses. 

The term ‘Linear means that all inequations or equations used and the function to be 

maximized or minimized are linear. That is why linear programming deals with that class of 

problems for which all relations among the variables involved are linear. 

Formally, linear programming deals with the optimization (maximization or minimization) of a 

linear function of a number of variables subject to a number of conditions on the variables, in the 

form of linear inequations or equations in variables involved. 

 

In this chapter, we shall discus mathematical formulation of linear programming problems that 

arise in  trade, industry, commerce and military operations. We shall also discuss some 

elementary techniques to  solve linear programming problems in two variables only. 

 

Linear Programming Problems 

In this section, we shall discuss the general form of a linear programming problem. To give the 

general description of a linear programming problem, let us consider the following problem: 

   

 Suppose that a furniture dealer makes two products viz.chairs and tables. Processing of 

these products is done on two machines A and B. A chair requires 2 hours on machine A and 6 

hours on machine B. A table requires 4 hours on machine A and 2 hours on machine B. There are 

16 hours of time per day available on machine A and 20 hours on machine B. Profits gained by the 

manufacturer from a chair and a table are Rs. 30 and Rs. 50 respectively. The manufacturer is 

willing to know that daily product of each of the two products to maximize his profit.  

 

 The above data can be put in the following tabular form: 

 

Item Chair Table Maximum available time 

Machine A 2 hrs 4 hrs 16 hrs 

Machine B 6 hrs 2 hrs 20 hrs 

Profit (in Rs) Rs 30 Rs 50  

Linear Programming 
Chapter                          
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To maximize his profit, suppose that the manufacture produces x chairs and y tables per day. It is 

given that chair requires 2 hours on machine A and a table requires 4 hours on machine A. Hence, 

the total time taken by machine A to produce x chairs and y tables is 2x + 4y. This must be less 

than or equal to the total hours available on machine A. Hence,  Similarly, for 

machine B, we have 

     

 

The total profit for x chairs and y tables is 30x + 50y. Since the number of chairs and tables is 

never negative. Therefore,  

 

Thus, we have to maximize 

  Profit = 30x + 50y 

Subject to the constraints 

    

    

    

 

Out of all the points (x, y) in the solution set of the above linear constraints, the manufacturer has 

to choose that point, or those points for which the profit 30x + 50y has the maximum value. In the 

above discussion if a chair Rs 250 and a table costs Rs 300 then total cost of producing x chairs 

and y tables is 250x + 300y. Now, the manufacturer will be interested to choose that point, or those 

points, in the solution set of the above linear constraints for which the cost 250x + 300y has the 

minimum value. 

The two situations discussed above give the description of a type of linear programming 

problems. In the above discussion, the profit function = 30x + 50y or the cost function 250x + 300y 

is known as the objective function. The inequations  are known as 

the constraints and  are known as the non-negativity restrictions. 

 

 The general mathematical description of a linear programming problem (LPP) is given below: 

 

 Optimize Z = c1x1 + c2x2 + ….+ cnxn                              (objective function)       

 Subject to 

   

   

              (constraints) 

   

         (non-negativity restrictions) 

 

 Where all aij‘s, bi‘s and cj‘s are constants and xj‘s are variables. 

 The above linear programming problem may also be written in the matrix form as follows: 
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Optimize (maximize or minimize)   

Subject to 

                            

   

  

Optimize (Maximize or Minimize) 

  Z = CX 

Subject to 

   

   

Where     

 

Some Definitions 

In this section, we shall formally define various terms used in a linear programming problem. As 

discussed in the pervious section, the general form of a linear programming problem is 

 Optimize (Maximize or Minimize) Z = c1x1 + c2x2 + …..+ cnxn  

  

 Subject to 

   

   

                    

   

   

 

 The definitions of various terms related to the LPP are as follows: 

 

Objective Function 

If c1, c2,….cn are constants and x1, x2,…xn are variables, then the linear function Z = c1x1 + c2x2 

+….cnxn which is to be maximized or minimized is called the objective function. 

The objective function describes the primary purpose of the formulation of a linear programming 

problem and it is always non-negative. In business applications, the profit function which is to 

maximized or the cost function which is to be minimized is called the objective function. 
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Constraints 

The inequations or equations in the variables of a LPP which describe the conditions under which 

the optimization (maximization or minimization) is to be accomplished are called constraints. In 

the constraints given in the general form of a LPP there may be any one of the three sings  

Inequations in the form of greater than (or less than) indicate that the total use of the resources 

must be more than (or less than) the specified amount whereas equations in the constraints indicate 

that the resources described are to be fully used. 

 

Non-Negativity Restrications 

 These are the constraints which describe that the variables involved in a LPP are non-negative. 

 

Mathematical Formulation of Linear Programming Problems 

In the previous section, we have introduced the general form of a linear programming problem 

(LPP). In this section, we shall discuss the formulation of linear programming problems. Problem 

formulation is the process of transforming the verbal description of a decision problem into a 

mathematical form. There is not any set procedure to formulate linear programming problems, the 

following algorithm will be helpful in the formulation of linear programming problems. The 

following examples will illustrate the formulation of linear programming problems in various 

situations. 

 

Illustration 

A toy company manufactures two types of doll; a basic version doll A and deluxe version doll B. 

Each doll of type B takes twice as long to produce as one of type A, and the company would have 

time to make a maximum of 2,000 per day if it produces only the basic version. The supply of 

plastic is sufficient to produce 1500 dolls per day (both A and B combined). The deluxe version 

requires a fancy dress of which there are only 600 per day available. If the company makes profit 

of Rs 3 and Rs 5 per doll respectively on doll A and B; how many of each should be produced per 

day in order to maximize profit? 

Solution 

 Let x dolls of type A and y dolls of type B be produced per day. Then, 

 Total profit = 3x + 5y. 

Since each doll of type B takes twice as long to produce as one of type A, therefore total time 

taken to  produce x dolls of type And y dolls of type B is x + 2y. But the company has time to 

make a maximum of 2000 dolls per day 

  

 Since plastic is available to produce 1500 dolls only. 

  

 Also fancy dress is available for 600 dolls per day only. 

  

 Since the number of dolls cannot be negative. Therefore, 
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 Hence, the linear programming problem for the given problem is as follows: 

 Maximize      Z = 3x + 5y 

  Subject to the constraints 

            

              

            

            

 

Illustration 

A manufacturer of line of patent medicines is preparing a production plan on medicines A and B. 

There are sufficient ingredients available to make 20,000 bottles of A and 40,000 bottles of B but 

there are only 45,000 bottles into which either of the medicines can be put. Further more, it takes 3 

hours to prepare  enough material to fill 1000 bottles of A, it takes one hour to prepare enough 

material to fill 1000 bottles of B and there are 66 hours available for this operation. The profit is 

Rs 8 per bottle for A and Rs 7 per bottle for B. Formulate this problem as a medicine B. 

Solution 

 Suppose the manufacture produces x bottles of medicines A and y bottles of medicine B. 

 Since the profit is Rs 8 per bottle for A and Rs 7 per bottle for B. So, total profit in producing x 

bottles of   medicine A and y bottles of medicine B is Rs (8x + 7y).  

 Let Z denote the total profit. Then, 

   

   Z = 8x + 7y 

  

 Since 1000 bottles of medicine A are prepared in 3 hours. So, 

 Time required to prepare x bottles of medicine  

 It is given that 1000 bottles of medicine B are prepared in 1 hour. 

 ∴   Time required to prepare y bottles of medicine  

 

 Thus, total time required to prepare x bottles of medicine A and y bottles of medicine B is            

  But, the total time available for this operation is 66 hours. 

 

  

  

 Since there are only 45,000 bottles into which the medicines can be put. 

  

 

 Since the number of bottles cannot be negative. Therefore,  

 Hence, the mathematical formulation of the given LPP is as follows: 

 Maximize    Z = 8x + 7y 
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