Kaysons Education Vectors

Chapter
1 Vectors

Day -1

Definitions
A physical quantity which has both magnitude and direction is defined as a vector quantity or a

vector. It is generally represented by a directed line segment say AB. A iis called the initial point
and B is called the terminal point. Length of the segment is called magnitude (also modulus) of the
vector and we denote it by [AB]|.

Null vector

A vector having magnitude (or modulus) zero is called the null vector or the zero vector. It has all
the directions.

Unit vector
A vector of unit magnitude is called a unit vector. Unit vectors are denoted by 4, |d@| = 1.

Like/Unlike vectors

Two vector of any magnitude are said to be like/unlike vector if their direction is the
same/opposite respectively.

Like vectors or vectors having the same line of support are also known as collinear vectors.

Parallel vectors

Two or more vectors are said to be parallel, if they have the same support or parallel support.
Parallel vectors may have equal or unequal magnitudes and direction may be same or opposite.
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Position vector

Let O be a fixed origin, then the position vector of a point P is the vector OP. If @and b are
position vectors of two point A and B, then AB=b-@ =P.V.of B—P.V.of A.
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Collinear vectors
Collinear vectors Here
Be

0A, 0B and OC are collinear vectors
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Coplanar vectors
If three or more vectors lie on the same plane these vectors are called coplanar vectors. “Two

vectors are always coplanar”

Co-initial vectors
Vectors having same initial point are called co-initial vectors.

Here, 04, 0B, 0C and OD are co-initial vectors,

Free vectors
Vectors whose initial point is not specified are called free vectors. As shown in
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Localised vectors
A vector drawn parallel to a given vector, but through a specified point as initial point, is called

localised vector

Equal vectors

Two vectors are said to be equal, if they have the same magnitude and same direction.
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Polygon law of addition

rd

04, + A4, + -+ A4, A, = 04,

Vector Addition
(i):- If two vectors @ and b are represented by OA and OB, then their sum @ + b is a vector
represented by 0C where OC is the diagonal of the parallelogram OACB.

(i)- @+b =b +a (Commutative)

(iii):- (@ + B—)) +c=a+ (F + ¢)(Associative)

(ivi- @ +0 =a =
V):-T+(-a)=0
(vi)i- (ky + k)@ =k, a
ii)-k(@+b) =ka +

0+a
=(-a@)+a

@ + k, @ (Multiplication by Scalars)
k

—

b (Multiplication by Scalars)

Multiplication Vector
In vector we define following type of products
(i):- Dot product of two vectors
(ii):- Cross product of two vectors.

Position Vector of a Point

If a point O is fixed in a space as origin then for any point P, the vector OP = @ is called the
position vector (P.V.) of ‘P’ w.r.t ‘O".

Let @’andb be the position vectors of the points A and B respectively with reference to the
origin.

P(xy,2)
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IHlustration

If @’,b,c be the vectors represented by the sides of a triangle, taken in order, then prove that

@+b+c=0.
Solution

Let ABC be a triangle such that; A
BC="a,CA= b B
AB =C g b
Then,
a+b+c B - C
=>  BC+CA+4B ¢
= BA+A4B
{~ BC+CA=B4A}
aT+b+c =0
Ilustration

If the sum of two unit vectors is a unit vector, prove that the magnitude of their difference is /3.
Solution

Let @and b two unit vectors represented by sides OA and
AB of a triangle OAB.
Then,

04 =4,AB =h

OB=O0A+ AB=a+ b
{Using triangle law of addition it is given that}

lal = |b| = |a+b| =1 o
> [04| = |4B]| = [0B| = 1
= AOAB is equilateral triangle.
Since,

|04| = |al = 1 = |-b| = |14B']
Therefore, AOAB" is an isosceles triangle.
= 2AB0 = £AOB = 30°
= £/BOB’ = £BOA + £AOB® = 60° + 30° = 90°
{Since ABOB" is right angled}
-.In ABOB’, we have
|BB'|? = |0B|* + |0B’|?
22 =|a+b|" +|a—b|
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Three Dimensional Geometry

Chapter

.

Three Dimensional
Geometry

Day -1

Three Dimensional Co-ordinate System
Position vector of a point on space

Let 1,, k be unit vectors (called base vectors) along OX, OY and OZ respectively.Let P(x,y,z) be a

point in space, let the position of P be .

Then, N\ ﬁc \
ol — 0F 1
= W+Mﬁ L ¢ —1r P(x,y,7)
= (04 + AM) + MP A ,
> 04 + 0B +0C w0 ’
7=xi+yj+zk w > —
Thus the position vector of a point P is;
xi+yj + zk
Signs of Co-ordinates of a Point in Various Octants
Octant OXYZ | OX’YZ | OXY'Z | OXYZ’ ox’yz | oxyz oxXyz | oXYyz
/Co-
ordinate
X + - + + - - +
Y + + - + - + -
Z + + + - + - -
Ilustration

Planes are drawn parallel to the co-ordinate planes through the points (1,2,3) and (3,-4,-5). Find

the lengths of the edges of the parallelepiped so formed.
Solution

Let P=(1,2,3) ,Q=(3,-4,-5) through which planes are drawn parallel to the co-ordinate planes

shown as,

~PE=distance between parallel planes
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ABCP and FQDE, i.e.(along z-axis)

= |-5-3]
=8
PA= distance between parallel planes ABQF and PCDE 2
=13 -2]| D
=1 _
PC= distance between parallel planes BCDQ and APEF ' 129 Q(3,—4,-5)
=

~lengths of edges of the parallelepiped are; 2,6,8

Distance Formula
The distance between the points P(x4, y4,7;) and Q(x,, V2, Z,) is given by

PQ = \/(xz —x1)% + (V2 —y1)2 + (2, — 21)?

Section Formula

(i):- Section formula for internal division
If R(x,y,z) is a point dividing the join of P(x;,y1,21) and Q(Xz,Y»,2) in the ratio m:n(Internal Div.)
Then,

_ MmXp+nxy _ my;+ny; 7 = mzy+nz,y

T min '’ m+n ’ m+n

(ii):- Section formula for external division
The co-ordinates of a point R which divides the join of P(X1,y1,21) and Q(X,,Y2,Z2) externally in the
ratio
m:n are ;

mx, — Nx; My, — Ny, mz, —nz,
( m—-n ' m-n ' m-n )
(iii):- Mid — point formula
The co-ordinates of the mid-point of the join of P (x3,y1,21) and Q(Xy,Y»,2,) are
(x1 +X3 Y1ty zy + Zz)
2 2 2
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Ilustration

Find the ratio in which 2x+3y+5z=1 divides the line joining the points (1,0,-3) and (1,-5,7)
Solution

Here, 2x+3y+5z =1 divides(1,0,-3) and (1,-5,7) in the ratio of k:1 at point P.

Then,

_<k+1 -5k 7k—3>
T \k+1'k+1 " k+1
Which must satisfy 2x+3y+5z=1

k+1 —5k 7k —3
=>2<k+1>+3(k+1>+5<k+1)= !
= 2k+2—-15k+35k—15=k+1
= 21k = 14
>k=2/3

~2x+3y+5z=1 divides (1,0,-3) and (1,-5,7) in the ratio of 2:3.

Ilustration
Find the locus of a point the sum of whose distance from(1,0,0) and (-1,0,0) is equal to 10.
Solution
Let the points A(1,0,0), B(-1,0,0) and P(x,y,z)
Given: PA+PB=10
Jae-1D2+@-02+Z—-0)2+/(x+1D2+ (¥ —-02+(z-0)2=10
= J(x— 1)2+y2 + 22
=10 —/(x + 1)2 + y2 + 22

Squaring both sides we get
= (x— 1)2 4+ y% + 22

= 100 + (x + 12+ y2 + 22 — 20y/(x + 1)? + y2 + 22
= —4x — 100 = —20+/(x + 1) + y2 + 22
= x +25 = 5/(x + 1)2 + y2? + 22

Again squaring both sides we get

= x% + 50x + 625

= 25{(x®* +2x + 1) + y? + z%}

= 24x? + 25y? + 2522 = 600 = 0
i.e. required equation of locus.

Ilustration
Show that the plane ax+by+cz+d=0 divides the line joining (X1,y1,21) and (X»,¥,,2,) in the ratio of
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( ax,+by,+czq +d)
axo,+by,+czy+d

Solution
Let the plane ax+by+cz+d=0 divides the line joining (X1,Y1,21) and (X,Y2,2,) in the ratio of k:1 as
shown in figure;

A

(x1,¥1,21) (x2,¥2,22)

ax+by+cz+d=0

kx, + x1 ky, +y; kz; + 2,
k+1 ° k+1 ° k+1
a (kx2+x1) +b (’Q’z"’h) Y (@) +d=0

k+1 k+1 k+1
= alkx, +x1) + b(ky, +y) +clkz, + z;)) +d(k+1)=0
= k(ax, + by, + cz, +d) + (ax; + by, + cz;, +d) =0
(axq+byi+cz,+d)
k=——"F——""——,
(ax,+by,+czy+d)

~ co — ordinates of P < ) must satisfy ax + by +cz+d =0

Direction Cosines and Direction Ratio’s of a VVector
1. Direction cosines

Ifa, B,y are the angles which a vector OP makes with the positive directions of the co-ordinate
axes OX,0Y,0Z respectively, then cosa, cos 3, cosy are known as direction cosines of OP and
are generally denoted by letters I,m,n respectively.

Thus,l = cosa,m = cosf,n = cosy. The angles a, 3,y are known as direction angles and they
satisfy the condition 0 < o, B,y < T
Direction cosines of x-axis are (1,0,0)
Direction cosines of y-axis are (0,1,0)
Direction cosines of z-axis are (0,0,1)

zZ
. p
Co-ordinates of P are (rcosa,rcos,rcosy)
x=rcosa=Ir T .
‘Q
y =1rcos f =mr .
Z=T1CcoSy =nr g i
y
L]
N
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(a) If I, m, n are direction cosines of a vector, then 2 + m? + n? = 1
(b) # = |7|(lL + mj + nk) and # =i + mj + nk

2. Direction Ratios
Let I, m, n be the direction cosines of a vector ¥ and a, b, ¢ be three numbers such that a, b, ¢ are
proportional to I, m, n
i.e,

I m n
—=—=—kor(l,mmn) = (ka, kb, kc)
a b c

= (a, b, ¢)are direction ratios.
“That shows there can be infinitely many direction ratios for a given vector, but the direction
cosines are unique”
Let a, b, ¢ be direction ratios of a vector T having direction cosines I, m, n

Then,
[ = Aa,m = Ab,n = Ac (by definition)
=~ ?+m*+n*=1
= a2 + b2+ 22 =1
1
> l=+—
va? + b? + c?
So,
a b
l=t—— m=+——1n
VaZ + bZ + 2 V& + b2+ 2
c
== " B8
va? + b? + c?
(a) If ¥ = ai + bj + ck be a vector having direction cosines I, m, n Then
] a b c
=SoM= 5,1 = 15
|7 |7 |7

(b) Direction ratios of the line joining two given points (x4,V;,%,) and (X,,¥2,2;) IS given by

Xo = X,Y2 —Y— 1,2, — 7.

3. Directions cosines of parallel vectors

Let @ and b two parallel vectors, Then b = A3 for some A.
Ifd = a,i + a,f + ask, then b = Ad
= b = (a)i + (ay)f + (Aas)k
This show that b has direction ratios Aaq, Aa,, Aag
le.,
a4,a,,az becous Aa;: Aa,:las; = a:a;:as

Thus @ and b have equal direction ratios and hence equal direction cosines also.
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Straight Line In Space

Straight Line
Following are the two most useful forms of the equation of a line

1. Line passing through a given point A (2) and parallel to a vector (B)
r=a+2Ab

Where a is the p.v. of any general point P on the line and A is any real number.
The vector equation of a straight line passing through the origin and parallel to a vector b
iST = nb.

2. Line passing through two given points A (2) and B (b)
r=2a+A(b—3a)
For each particular value of A, we get a particular point on the line
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f=3a+Ab; and ¥ = a + pb, the vector equation of two lines in space and © be the angle
between them, then

Lines are perpendicular if b;.b, = 0

Lines are parallel if b; = A b,

The internal bisector of angle between unit vectors a and b is along the vector 4 + b. The
external bisector is along 4 — b.

Equation of internal and external bisectors of the lines ¥ =a+ Ab; and ¥ =2+ pb,
(intersecting at A(a) are given by

Cartesian equation of straight line

Equation of straight line farms trough (x,y,z) and parallel to vector ranges DR<a,b,c>

Equation of x-axis
X0 _y=o0

1 o0
Or y=0and z
Equation of y-axis
W ey ey
0 1

z—0
0

0

1
Or

x=0andz =0

Equation of z-axis

X-0 y—-0 z—0
0 0 1

Cartesian form
X—Xq — Y—V1 — Z—Zq
X2—Xq Y2—=YVa1 2374

Equation Straight line farms through (X3,y1,21) and (X»,Y2,2»)
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. (xl-yp 21) .(XZ,yg,Zz).(x’ Y, Z)

* '
AN ' + P
* 1 ’
* ’
[y 1 ¥
A 11—,
* ' e
“ 1 '
—
[ R
Y [
[
vy !
L
\l'l'
'
0

Ilustration
Find the Cartesian equation of line are 6x-2= 3y+1=2z-2. Find its direction ratios and also

find vector equation of the line.

Solution
We know

is cartesian equation of straight line
~6x—2=3y+1=2z—-2
1 1
= 6(X—§) = 3(y+§) =2(z—-1)

1
x-1/3 _Yt3; z-1

1/6  1/3  1/2

Or

x-1/3 _y+1/3 z—-1

1 2 3

Which shows given line passes through (1/3,—1 /3,1) and has direction ratios (1, 2, 3)
in vector form

a=1i—2j+kandb =1+ 2j+3K
.. its vector equation is

- il 1. > ~ N T

r= (51— §]+k)+?\(1+2]+3k)

Illustration
Prove that the line x=ay+bz=cy+d and x=a'y+b',z=c'y+d are
perpendicularifaa’ +cc’'+1=0
Solution
We can write the equations of straight line as
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x=br _ _ z—=ds
ar yy= cr
N x—br — y_—O — z—drs
ar 1 c/
And
x-b _ _z—d
a »y= c
_, xb_y-0_z-d
a 1 C
We know
X—X1 — Y—¥V1 — Z-Z4
a by Cq
And

Are perpendicular if

dqdp + b1b2 ar C1Cp = 0
- (i) reduces to

aa’+i+cc'=0
(as the lines are perpendicular;given).

Ilustration
A line passes through (2,—1,3) and is perpendicular to the line; r = (i+j—l§) +
A(2i - 2j+ k) and T = (21 —j + 3k) + p(i + 2j + 2k) obtain its equation.

Solution
To find a straight line perpendicular to given lines, ¥ =a; +Ab, and F =a, + Ab,
has dr’s proportional to b = l_)? X E

Now
IR | S .
b=[2 —2 1|=-61-3j+6k
1 2 2

Thus, the required line passes through the point (2,-1,3) and is parallel to the vector,
b = —61— 3]+ 6k
.. its equation is
— _ (21-7+3Kk) P TIN
= G T A(—61— 3 + 6k)

1. Perpendicular distance of a point from a line
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(a) Cartesian form
Here,

a b ¢
Let ‘L’ be the foot of perpendicular drawn from P(a, 8, y) on the line,
(x—x47)/a=(y—yy1)/b = (z—1z,)/c let the co-ordinates of L be
(xy+al—o,y; +bA—B,z; + cA—Y)

®P(a.8.v)

Also direction ratios of AB are (a,b,c)
Since PL is perpendicular to AB
=>ax;+aA—a) +b(y; +bA—B)+c(z;+cA—y)=0

a(a—x41)+b(B-y1)+c(y—21)
a?+b?+c?
Putting the value of A in (x; + aA,y; + bA, z; + c)A), we would get foot of perpendicular.

> A=

(b) Vector form
Let L be the foot of perpendicular drawn from P(a) on the line,
r=a+Ab
Since, T denotes the position vector of any point on the line
r=a+xb

So the position vector of L be (3’ +1b)
« dr'sof PL =a-@ 4+ Ab
Since PL is perpendicularto b’
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Chapter

a Plane

Day-1

Plane

A plane is a surface such that if any two points on it are taken on it, the line segment
joining them lies completely on the surface.
ax + by + cz + d = 0 is the general equation of a plane

Equation of a plane passing through a given point
a(x—x;) + b(y —y,) + c¢(z — z;) = 0, where a, b, ¢ are constants.

Intercept form of a plane
The equation of a plane intercepting lengths a, b and ¢ with x-axis, y-axis and z-axis
respectively is

S +i=1
Ilustration
A plane meets the co-ordinate axis in A, B, C such that the centroid of the AABC is the
point (p, g, r) show that the equation of the plane is

Xp¥iz_3
p q r
Solution
Let the required equation of plane be
X vy ,z_ -
;+E+E_1 (I)

Then, the co-ordinates of A, B and C are A(a, 0,0) B(0, b, 0) C(0, 0, c) respectively
So the centroid of the triangle ABC
(395)
3’3’3

But the co-ordinate of the centroid are (p, g, r)
E:pE:qEZr
3 ’3 '3

Putting the values of a, b and c in (i), we get

The required plane as
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Cartesian form
a(x —xq) + b(y — V1) +c(z—2z;)=0

(ii) Equation of plane in normal form vector form
The vector equation of a plane normal to unit vector i and at a distance d from the origin
isr.n=d

Cartesian form
If I, m, n be the direction cosines of the normal to a given plane and p be the length of
perpendicular from origin to the plane, then the equation of the plane isIx + my + nz = p

Ilustration
Find the vector equation of plane which is at a distance of 8 units from the origin and
which is normal to the vector 2i + j + 2k

Solution
Here,

d=

co

andn = 2i +J + 2k
2tk ik
| V2242422 3
Hence, the required equation of plane is

r.i=d

2i+j+2k
ST, (—' 13 ) =8

=

>
Il
3l

Or
r.(2i+7+2k) =24

Ilustration
Reduce the equation 7. (37 — 4 + 12k) = 5 to normal form and hence find the length of
perpendicular from the origin to the plane.
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Solution
The given equation of plane is
r.(3i—4j+12k) =5
Or
r.nm=5
Where,
= 31—4j+ 12k
Since, |n’] =+/9 + 16 + 144 = 13 = 1, therefore the given equation is not the normal

form. To reduce to normal form we divide both sides by |n’| i.e.,
rn 5 — (32 4 » 12 ~ _ i
ﬁ—ﬁo”-(g'_EH'gk) =5

This is the normal form of the equation of given plane and length of perpendicular

=5/13

Angle between the two planes
nyng

6= —r—
[n7llnz]
—_— —>

ny.

1-'2 —

Angle between a line and a plane
0= aa+bp+cy

VaZ+b?+c2 /(12+[32+V2

n

|l

=2l

9=

ol

Equation of Plane forming through three given points
Vector form of equation of the plane passing through three points A, B, C having position
vector @, b, T respectively.
Let r be the position vector of any point P in the plane
Hence the vectors

—

AP =

—

-3,AB=b-3,AC=C-7

=l

)

Hence,
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Plane
F-3).{(0-7) x (c-3)} =0
= (F-3).(b xT-b xa-a xcT+a xa)
= (F-3).(b xT+3 xb +Txa)=0
=7.(bXCT+a xb +¢x7)
=3, (b xT)+3.( xb)+3.(Cx3)
= [?F?] + [??F] +[rcal= [?F?]
Which is required equation of plane
Cartesian equivalence
Let
a = (xy,yy,2) b = (%2,¥5,23) € = (x3,¥5,23)and
T) = (XI yl Z)
The equation of plane through three points is
[Fab]+[fbc]+[dca]=[abc]
X vy z X Yy z X y z
X1 Yy |+ (X2 Yy, Z2|+ X3 Y3 Z3
X2 Yy, 2 X3 Y3 Z3 X1 Yy 41
X1 Yy 41
= [X2 yz 2
X3 Y3 Z3

Equation of plane that passes through a point A with position vector ~and is parallel to
given vector "and ~

Let r be the position vector of any point P in the plane
Then,

AP =0P—0OA=r-a
Since, the vectors T-a’, b, are coplanar.
Thus,

(r-3a). (F XCT)=0
F.(Fx?) :?.(FXF)
?FF] = E’FE’]
Which is required equation of plane.
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Cartesian form
Equation of the plane passing through a point (xl,yl, zl) and parallel to two lines having
direction ratios (o, B,,v,) and (ay, B, v,) is
X=X Y=Y, 2=
oy By V. [=0
a; B, Y,

Ilustration
Find equation of plane passing through the points P(1,1,1) Q(3, —1,—2) R(—3,5, —4)
Solution
Let the equation of plane passing through (1,1, 1) be
a(x—1)+b(y—1) + c(z—1) =0, as it passes through the point Q and R
~2a—2b+c=0
—4a+4b—5c=0
Hence, solving by cross multiplication method, we get
a b c
-4 —ari a5 K
~a=6kb=6kc=0
Substituting in (i), we get
6(x—1)+6(y—1)+0=0
l.e., x +y = 2, which is the required equation.

Aliter
Equation of plane passing through (xy, v, z1)(x2, ¥, 22) and (x3, v, 23)

X=X3 Y=YV, 2—22
X=Xy Y=Y, Z—Z3(=0
X—X3 Yy—Y; Z—123

ie.,
x—1 y—1 z-1
x—3 y+1 z—2|=0
x+3 y—-5 z+4

On solving we get
Xx+y=2

Equation of any Plane Passing through the Line of Intersection of Plane + + + = and
+ ++=is(++ +)+(+ + + =)=
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Chapter

5 Sphere

Day -1

Definition
A sphere is the locus of a point which moves in space in such a way that its distance from
a fixed point always remains constant.

Equation of a Sphere
Vector equation of a Sphere
The vector equation of a sphere of radius R and centre having position vector @', is

[r-a| =R
P()
Remark-1
If the centre of the sphere is the origin and radius R, then its equation is
7l =R
Remark-2

The equation |[F-3’| = R can also be written as

|7"’-a’|? = R?or (r-a).(r-a) = R?

Ilustration
Find the vector equation of a sphere with centre having the position vector i + j + k and
radius v/3
Solution
We know that the vector equation of a sphere with centre having the position vector a’
and radius R is
|7”’-a’| =R

+]j + k and R = /3. So, the equation of the required sphere is

2

Here,a =
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|- (i+j+k)| =3
Ilustration
Find the vector equation of a sphere concentric with the sphere | + (i —2j —3k)| =5
and of double its radius.
Solution
The equation of the given sphere is
|7+ (1—2j—3k)| =50r |[F-(-t+ 2/ +3k)| =5..()
The position vector of the centre C of sphere (i) is -1 + 2j + 3k and radius = 5. Since
required sphere is concentric with (i) and is of double its radius, therefore position vector
of the centre of the required sphere is -1 + 2j + 3k and radius = 10. Hence, its equation
is
|7~ (-t+2j+3k)|=10= [+ (i —2j - 3k)| = 10
Cartesian equation of a Sphere

The equation of a sphere with centre (a, b, ¢) and radius R is
(x—a)>+(y—=b)?>+(z—-0c)>=R?>..(0)

P(x,y,2z)

Remark-1
The above equation is called the central form of a sphere. If the centre is at the origin,
then equation (i) takes the form
x*+y?+22=R?
Which is known as the standard form of the equation of the sphere?
Remark-2
Equation (i) Can be written
x2+vy?2+z2—2ax—2by —2cz+ (a> +b*>+c*>*+R>) =0

Form this equation, we note the following characteristics of the equation of a sphere
(i) It is a second degree equation in x, y, z
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(i) The coefficients of x?, y?, 7%, are all equal
(iii) The terms containing the products xy, yz, and zx are absent

Ilustration
Find the equation of a sphere whose centre is (1, 2, 3) and radius 4,
Solution
The required equation of the sphere is
(x—1D2+ @ -2+ (z-3)*=4
S x2+y2+2z2-2x—4y—-6z—2=0
Ilustration
Find the equation of the sphere whose centre is C (5, -2, 3) and which passes through the
point P(8, -6 ,3)
Solution
We have radius = CP = /(8 —5)2 + (=6 + 2)2 + (3 —3)2 = 5.
Therefore, equation of the required sphere is

(x—5)2+ (y—(-2))° + (z—3)? = 52
=>x2+y?+2z2—-10x+4y—62+13 =0

General Equation of a Sphere
The equation x2 + y? + z2 + 2ux + 2vy + 2wz + d = 0 represents a sphere with centre

(—u—v,—w) ie. (-(1/2) coff.of x,—(1/2)coeff.of y,—(1/2)coeff.of z)
And, radius = V2 +2+2 —

- JETEE) -

Remark
The equation x? +y? = z? + 2ux + 2vy + 2wz + d = 0 represents a real sphere if
u?+v2+w?—d>0.if u?> + v2 + w? — d = 0, then it represents a point sphere.
The sphere is imaginary if u? + v2 + w? —d < 0.

Illustration

Find the centre and radius of the sphere 2x2 + 2y? + 2z2 — 2x + 4y + 2z +3 =0
Solution

The given equation is 2x2 + 2y? + 2z2 — 2x + 4y + 22+ 3 =0

Dividing throughout by 2, we get
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x? +y? +zz—x+2y+z+§= 0..(00)
The coordinates of the centre of (i) are

Radius = \/G coeff. ofx)2 + G coeff. ofy)2 + G coeff. ofz)2 — constant term

=JE) @ @) -i= frriei-iso

Thus, the given sphere represents a point sphere.

Ilustration
Find the equation of the sphere concentric with x? + y? + z2 = 2x — 4y — 6z — 11 =0
but of double the radius coordinates of the centre of the required circle are also (1, 2, 3)
The radius of the given circle is J(—l)z + (=2)? + (—3)%? — (—=11) = 5. Therefore
radius of the required circle is 10 units. Hence, the equation of the required circle is
(x—1D?+(@y—-2)2%+(z-3)?%=10°
=>x2+y2+2z2—2x—4y—62—-86=0

Ilustration
Find the coordinates of the centre and the radius of the sphere whose vector equation is
72 —7.(81— 6] + 10k) — 50 = 0
Solution

Since " denotes the position vector of any point on the sphere, therefore ¥ = xi + yj + zk.
The given equation is

=2

72 —7.(81— 6] +10k) —50 =0

= 7.7-7. (81— 6]+ 10k) —50 = 0
= (xi 4 yj + zk). (xi + yj + zk)
—(xi + yj + zk).(81 — 6] + 10k — 50 = 0)
=>x2+y2+22—-8x+6y—10z—50=0
.. Coordinates of the centre are (4, -3, 5) and radius = v/16 + 9 + 25 + 50 = 10
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Self Efforts

1. Find the vector equation of the sphere concentric with the sphere |[F- (i + 2j — 3k)| = 2 and of
double its radius.

2. If the position vector of one end A of a diameter AB of the sphere |- (21 —j + 4k)| = 5isi+
2] — k. Find the position vector of B.

3. Find the centre and radius of each of the following spheres
(x> +y*+2z2+4x—8y+6z+4=0 [CBSE 1995]
(i) 2x2 + 2y%2 + 222 — 2x + 6y + 224+ 3 = 0 [CBSE 1990]
(i) x> +y?>+2z°—4x+6y—8z+29=0 [HPSB 1994]

4. Find the equation of the sphere concentric with the sphere 3x? + 3y? + 322 — 6x + 9y — 3z +
11 = 0 but having radius 5.

5. Find the centre and radius of the sphere whose vector equationis? =~ (4+2—-6)— 11 =10

Answers
Llr—(1+2/-3k)| =4 2. 31 —4) + 9% 3.(0)(-24,-3),5
(i) (=2,4,—1),v26 (iii) (2,-3,4),0 4.2(x>+y*+2z%) —4x+6y—22—43=0
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